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Abstract

In this paper, we question the definition of a fin@l technology that results from the
application of a traditional methodology with DEA the analysis of portfolios of financial
assets. We acknowledge the previous applicatiodsshow how two approaches have been
adopted until now in the literature: a ‘DEA-produant’ approach inherited from production
theory and a ‘DEA-benchmarking’ approach inherittdm operational research. We show
how these approaches define the technology regarinancial assets; we also identify which
underlying criteria are used for input and outpuelection. As a basis for a new
‘DEA-financial’ approach, we propose to identifyfanancial production process’ that differs
from the traditional risk-return relationship bus irather based on the generation of a
distribution of returns by an initial investmenthi¥ identification of a financial production
process ensures the proper selection of input aridut variables and addresses several issues
recently raised by Cook, Tone & Zhu (2014).

Keywords : Data envelopment analysis; Input; Output; DEAaficial technology; Portfolio



A DEA-financial technology:
prior to portfolio analysis with DEA

1. Introduction

In a recent article Cook, Tone & Zhu (2014) listeral modeling issues raised by such an
ill-adapted transposition of the methodology witBMto various fields of research. In order to
bring adequate solutions to these issues and epsoper modeling, they also list a series of
questions that should be answered prior to anyyaisalvith DEA, amongst which the selection
and definition of input and output variables. Bef@aven discussing issues related to model
orientations, we focus in this article on the fistsep that should precede any analysis with
DEA: the definition of a technology. It is realizéladrough the identification of a production
process that ensures a proper selection of inmat®atputs, followed by the definition of a set
of regularity conditions that ensure a proper ctiarization of the technology. In this article
we focus on the identification of inputs and ouspbtt simply mention for now how it can
impact the traditional set of axioms associatedh BEA'.

Since Murthi, Choi & Desai (1997) identified DEA as “extremely useful technique for
measuring efficien¢yof mutual funds, many analyses of portfolios ofahcial assets have
used the whole methodology with DEA that had iflitibeen designed for production theory
and further developed in operations research. Tintlugse works have contributed to elaborate
a general approach for measuring single-periodfgmrtefficiency (see for instance Briec &
Kerstens (2010)) some adjustments to the traditiorethodology used in this approach can
still be proposed in order to make it suited todhalysis of financial portfolios, by so much as
an appropriate definition of the underlying finaaldechnology.

In order to understand what has been done untilinderms of identification of inputs and
outputs in the previous works that used DEA fortfjotio analysis, we provide a review of the
various measures that have been identified as mpaditoutput variables since Murthi, Choi &
Desai (1997) and show that the multiplicity of theseasures reveals a lack of clear guidance
on how to define a ‘production’ process, if anygarding the investment in financial portfolios.
We identify two approaches that have been adopyethdst authors in this field: a ‘DEA-
production’ that relies on a relationship of theoquction-kind between the risk of an
investment and its return, and a ‘DEA-benchmarkiagproach that ignores the process of
return generation but merely uses DEA as a tooldecision-making problems based on

! The traditional set of axioms associated to theeafDEA can be found in Fare (1988).
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multiple criteria. We also identify which criteréae used for the selection of inputs and outputs
variables under each of these approaches and stewimplication on two key factors: the
‘real’ process of return generation on the one hemtithe possibility to take into consideration
uncommon preferences of decision-makers on the btred. We then propose as a basis for a
‘DEA-financial’ approach the definition of a ‘finaral production process’ that generates from
an initial investment a distribution of returnsttban then be characterized by various moments
(such as its mean or variance). The latter beititeeiconsidered as desirable or undesirable
outputs, the analysis remains open to both risksgvénvestors and risk-lovers under the
DEA-financial approach. We also briefly discussi®as matters related to the identification of
inputs and outputs such as the appropriate nunfbepat and output variables or the inclusion
of additional costs (transaction costs, front lgads.) to the set of input and output variables.

2. Input and output measures used for the assessmentf @ortfolio
performance with DEA

Cook, Tone & Zhu (2014) remind the importance o$weing that the input and output
measures selected for the stugydperly reflect, to the greatest extent possitile, “process”
under study. The choice of output variables has always bagteqconsensual in the literature
that uses DEA for the assessment of portfolio paerémce. On the contrary, the multiplicity of
measures that have been proposed to account for wapiables shows that no consensus has
been reached regarding either the theoretical fnaorleunder which the portfolios had to be
evaluated and consequently that no clear definition oftéehnology related to the investment
in portfolios of financial assets has been agreedmfar.

On the one hand, desirable outcomes have always ibetuded in the set of output
variables and the choice measures of reward sutiiea®serage return on an initial investment
as an output obtains a consensus. Over variousunesasf average return one can find either
mean or compounded return on past perforntangs well as expected return on future
performance. Returns can either be expressed as gronet returfisand as sometimes as
excess return above the market’s performance,rdifere or after tax. Minimum returns can
also be found in some studies (see Wilkens & ZM0L2, Glawischnig & Sommersguter-
Reichmann (2010)) as well as the number of daysthsonvith positive returns on a
daily/monthly distribution of returns, (see Gregari& Zhu (2007)), upper (or higher) partial

2 Theoretical frameworks usually belong to two catégs: either a mean-variance (or extended mean-
variance) frameworks or an expected utility framewyavith stochastic dominance criteria. Howevemsamix of
both can be found and additional criteria sucthasé listed in this section are often includechimdnalyses.

% Arithmetic means of the distribution of returnsase withdrawal of gains while geometric meanshef t
distribution of (gross) returns assume reinvestroépist gains.

* What we refer to as the ‘gross return’ is simitathe ‘capitalization factor’ of Basso & FunarO).
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moments (see Gregoriou (2003), Gregoriou & al. ®P0r consecutive gains (see Gregoriou
& Zhu (2007)). McMullen & Strong (1998) also taketa consideration the returns over
various time-horizons. Traditional performance aadors as the Sharpe and Treynor ratios,
Jensen’s alpha or the reward-to-half-variance in@®e Basso & Funari (2005)) have been
considered as output measures, as well as otheallesoutcomes such as a positive skewness
of the distribution of returns (see Wilkens & ZI2001)), indicators of stochastiominance or

of the ethical orientation of a fund. In thesedattases a qualitative indicator can be added to
the set of output variables (see for instance thea factor of Basso & Funari (2003) or the
stochastic dominance indicator of Basso & Fund@D(2 2005) or Kuosmanen (2005)).

On the other hand, various costs associated testimant as well as undesirable outcomes
have always been included in the set of input é&m Among these input variables one can
find numerous measures of volatility risk. Thus, iy Choi & Desai (1997) consider
standard deviation of the returns as an input bégjaas well as the transaction costs that
managers incurifi order to generate the returrand which can either be expressed and
charged as an expense ratio (management fees, tmgrkend operational expenses), as
additional loads for some funds (sales chargegmgtion fees) or as the managemntentover
of the investment. Similarly, McMullen & Strong @®) consider standard deviatiohreturns,
sales charges, expense ratio and minimum investasemputs. Eling (2006) alsocludes the
minimum investment or the lock-up period in the gkinput variables (see aldéguyen-Thi-
Thanh (2006)) as well as an indicator of tradintivég or excess kurtosis; taking into account
such characteristics is especially accurate whedystg very specific categories of financial
assets as hedge funds. Morey & Morey (1999) usasput variableéhe variance of returns
calculated from historical records as a measurétatal risk” of the investment (both
systematic and non-systematic risk). Basso & Fui2@@1) propose as input variables various
risk measures (standard deviation of returns, oddhe half-variance obeta coefficient) and
additional costs (subscription and redemption gosgtscording to Choi & Murthi (2001), one
may also consider managerial skills, market andtut®nal factors in the input requirement
set. After them, most authors used indicators antbnge we just listed, either on single or
multiple time horizons (for multiple time horizorsge Wilkens & Zhu (2001), Galagedera &
Silvapulle (2002), Basso & Funari (2003)), untila@ischnig & Sommersguter-Reichmann
(2010) introduced lower partial moments (mean loveturn, lower mean semi-variance and
lower mean semi-skewness) as new measures of ndkirgout variables. Eling (2006),
Gregoriou & Zhu (2007) or Branda & Kopa (2012) alstention various drawdowns
(maximum or average drawdown, standard deviatiodrafvdown, Value-at-Risk, conditional
Value-at-Risk or Modified Value-at-Risk), the bdttor andresidual volatility or tracking
error. Gregoriou & Zhu (2005) also used the praparbf negative returns in a distribution of
returns as an input.

To some extent, the specific nature of each cayegbrassets can explain this lack of
consensus on input measures; while some input atglibvariables are relevant for some
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categories of funds, they may be of no use in #réopmance appraisal of others. By way of
example, some cost measures as front-end loadsnigthation costs or management fees are
considered as input variables in the study of muwads while they can be included in the

measure of return (considered as an output vajiabléhe study of hedge funds (see Eling

(2006)). The cause for treating these costs difthrdies, in this particular example, in the fact

that hedge funds’ returns are already expressedfr&ich costs while mutual funds’ returns

are not.

Still, for all contributions listed above risk meass are treated as input variables and return
measures as output variables, which can be expldgdwo main reasons. On the one hand,
decision-making in production is based on inputuotidn and output augmentation and
decision-making in finance is based on risk reauctind return augmentation. On the other
hand the frontier of efficient portfolios is similan shape to a production frontier; the analogy
has then been made for long between efficiencyyaigalin production and performance
analysis in finance. This analogy and the desitgbfbr return and commonly accepted
undesirability of risk have led numerous authorscémsider the risk-return relationship of
financial assets as equivalent to an input-outeldationship. The assimilation of any risk
measures to input variables then results from ftstematic assumption of risk aversion (as
well as a preference for more return) and alwayssgogether with a model orientations that
implies input reduction (as well as output augmieormd.

The multiplicity of measures can also indicate iieed to take into account the diversity of
investor’'s preferences and criteria for choice. Bleé of relevant criteria must however be
determined prior to the analysis through the choicthe theoretical framework. However, it
seems necessary to remind that taking into aco@ridus preferences for each of these criteria
matters. Indeed, the set of investors’ preferercest uniform and must in no way be implied
by the definition of the technology (with inputsdamindesirable variables systematically
assimilated to each other). The presence of rigkrl for instance, extensively discussed in a
dedicated literature, can only be taken into carsition in models that won’t consider risk as
an input.

Proposing a unified approach for all categoriefingncial assets regarding the treatment of
all these measures of risk, return or other perémree indicators may therefore reveal itself a
very delicate task, and may not even be of relewaBonsequently the purpose of this article is
to propose some general guidelines that can aftdsnze applied to any category of financial
assets rather than trying to determine precisesribe every category of asset. In this
perspective we identify in the next section whicttecia have been used until now in the
literature to characterize the underlying ‘finamctachnology’, and the approaches they
resulted in.



3. Identification of input and output variables

3.1. Criteria for the choice of input and output variables

Cook, Tone & Zhu (2014) remind that as long astéolnology under study can be related
to “a form “production process”, then “inputs” and “oputs” can often be more clearly
identified. However, several criteria that do not necesgarilate to the notion of a
“production process” have been either explicitlpgmsed or implicitly used in the literature
that uses DEA on financial portfolios regarding tbleoice of inputs and outputs —and
consequently the definition of a production teclgglin this field. We present below three of
these criteria and question their accuracy reggrgaortfolio analysis.

« The first criterion relates to the nature of timeraction between input and output
variables, and more precisely whether it is charastd by a causal relationship of the
production-kind or not. The identification of thausal relationship, if any, considerably eases
the choice of input and output variables amongd#ieof relevant variables. Regarding the
analysis of financial assets, this first criterio@is often led to identify risk measures as input
variables since risk had been identified as thecsoaf return in accordance with the intuition
behind the CAPM for instance. Yet, this exampleinels us that the choice of the theoretical
framework under which the portfolios are to be sdds to be handled with special care, and
guestions whether this framework’s assumptions pnoduction process comply with the use
of an approach inherited from production theory.isThonsideration could however be
disregarded if DEA was used as a simple benchmgutiof, and in this case the first criterion
could be left out. But as part of our attempt togwse a detailed approach adapted to the study
of financial assets that defines a production pecere think that this criterion is of particular
relevance. We advocate for its use on the grouhds the whole methodology with DEA
(including the definition of a set of axioms andther steps) was developed for performance
measurement of production units and is thereforegogarly suited to the study of DMUs that
can be characterized by a production process.

* A second criterion relates to the behavior ofislen-makers towards input or output
variables inferred from what's assumed to be theaference or aversion to these variables.
Though most often implicitly used, this criterioashinfluenced the choice of all input and
output measures listed above. We observed fornostthat the inclusion of these variables in
the set of input variables has solely been driverthe observation that investors generally
consider them as undesirable variables. Once tha@mrggion of aversion to (preference for)
some variables has been made and the consequemiration-seeking (maximization-
seeking) behavior of the decision-maker has besunasd, undesirable variables are associated

® If we consider only the aspects related to théniiei of a technology and leave out further insplions on
the set of axioms or other aspects of the wholéauetlogy.
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to the set of input variables while desirable oaes associated to the set of output variables.
This second criterion is often considered as a mearaddress the need to take into
consideration investors’ preferences, and morecgglhethe measures that are relevant in their
opinion. The use of this criterion therefore makes definition of the technology rest upon
some assumptions on investors’ preferences, asaigksion for instance. Yet, as these
preferences may depart from the mainstream (adavsikg behaviors), using this criterion will
necessarily result in the definition of an inappraje technology to evaluate the assets from
their perspective, and these rather unusual betsawil consequently be excluded from the
analysis.

Moreover, once the first criterion has been sudabgsapplied, the second criterion
becomes pointless: as long as an underlying pramugirocess can be identified, the set of
input and output variables that partly definestdehnology can no more depend on investor’s
preferences assumptions. It is instead fully dei@ethby this production process. In such case,
undesirable variables can either be handled by tHentification as ‘bad outputs’ or by an
appropriate orientation of the distance functidra(iwill be used to reduce them). We therefore
disprove the use of such a criterion for the chateput and output variables for two main
reasons: on the one hand, this criterion restrdiasanalysis to the most common decision-
makers preferences only, and on the other handytceuanflict with the first criterion whenever
a production process generates some undesirabpritout therefore ignores both unusual
investors’ preferences and the existence of ural@sioutputs.

* A third criterion relates to the explanatory povwé the input and output measures in the
assets’ efficiency scores (see Eling (2006)). Adewy to this criterion, any variable adding
very little information on the assets’ performaist®uld be left aside while those measures that
provide substantial additional information should a&dded to the set of input and output
variables. Indeed, one main drawback to the adduifoinput or output dimensions in DEA is
that it leads to an increase in the number of ieficDMUSs. If however a substantial change in
efficiency scores was also observed as a consegutteexplanatory power of the additional
variables could justify their inclusion to the sétinput or output variables. Obviously, this
criterion is of no use for when decision-makers qamfectly identify two things: which
measures are relevant for them to make a decigiowl(ich theoretical framework they will
consequently run the analysis) and which relatpartance is to be given to each of these
measures. This possibility remains however quiéitbtical, and investors often tend to resort
to as many performance indicators and risk measgdsey can measure to take their decision,
even if some of them will have no impact on it. @pmion on that matter is that it is necessary
to make sure that the variables considered asamienter into the ‘production process’ before
any application of this criterion in order to avaidnfusion between environmental variables
and input or output variables. The choice of ingdl output variables among a set of relevant
variables should depend on the technology itself mot on the impact these variables may
have on efficiency scores.



3.2. Production process and underlying preferences asswed under the
DEA-production and DEA-benchmarking approaches

Following the classification of Cook, Tone & ZhuO@) who distinguish between DEA
problems that represent a form of production pre@e®l those that are general benchmarking
problems, we identify a DEA-production approach anDEA-benchmarking approach in the
literature that uses a methodology with DEA foiadéincy measurement of financial asset. We
then show how approach uses the criteria listeédarprevious section.

» The DEA-production approach inherited from thereamics literature consists in a simple
transfer of the methodology with DEA used in pragut theory to the study of financial
assets, from the definition of the technology e skt of axioms. Under this approach, financial
assets are treated as production units (see ftanos Galagedera & Silvapulle (2002)) and
their levels of risk and return are included in #&t of input variables and output variables,
respectively, even though the approach itself smégequire such assimilation. By doing so, it
implicitly assumes a relationship of the productiond between risk and return, the former
being ‘produced’ by the latter. In this regard, EA-production approach is consistent with
one of the basic results of the capital market mhebat assumes a positive relationship
between standard deviation (the measure of the CAPaAdcount for risk) and expected returns
on investment and to some extent formalizes thelymton function by its monotonically
increasing capital market line. It also implicilggsumes risk aversion for all decision-makers
(and consequently assumes that the level of riskivimys to be minimized) and uses this
assumption as an additional argument to supportnitiasion of risk measures to the set of
input variables, in accordance with second criterio

However, we think that defining the relationshiptvizeen the level of ®-order risk
(measured by the standard deviation of returns) thedrealized return on investment as a
‘production’ relationship would lead to an erronsoand incomplete representation of the
technology. On the one hand, no functional form egoress the expectation of a higher return
as a result of a riskier investment. The risk-nettelationship is consequently no appropriate
support for the representation of the technology.tl® other hand, the positivity of the risk-
return relationship has been proved wrong on soategories of assets (mainly on alternative
investments, but sometimes on more regular assefs®ne can cite for instance the study of
Glawischnig & Sommersguter-Reichman (2002) who findegative correlation between their
chosen measures of risk and return on 167 altem&inds. But in spite of these results, some
authors keep the assumption of monotonicity onrilereturn relationship (see for instance
Choi & Murthi (2001)). Any intent to propose an apgch suited to the study of any category
financial assets should get rid of the monotoni@gsumption, as it has been empirically
invalidated. At the same time, getting rid of sadsumption implies either rejecting the notion
of a production process between risk and returassuming a congested technology (where
more risk would generate a decrease in return).aslsemption of a production framework on
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which a higher level of risk would produce a higheturn is therefore to be reconsidered for no
loss of generality. Our intent is to propose anragph that drops the assumption of a causal
link between risk and return and to that regardbreges all categories of investment.

The rationale to treat risk as an input is thenilamio what makes some authors treat any
detrimental variable as an input. The idea thaindurs a cost, together with the natural
assumption that decision-makers try to decrease tbsts, leads to consider every variable
that is to be decreased as an input. In produ¢kieary, the same rationale is used in models
that assimilate byproducts to inputs (see Hailu &Wan (2001)) and impose negative shadow
prices on these inputs. This is consistent with teeision to consider byproducts as
undesirable products; it however implies that neitpee value can be attributed to these
byproducts (often referred to as “bad outputs”).

While the simultaneous maximization of benefit anchimization of costs seems quite
straightforward, we question both the minimizatminvarious risks and their assimilation to
inputs. The minimization of various risks direciems from the implicit assumption that they
are to be considered as costs. Indeed, risk ohslecrler (as measured by variance or standard
deviation) is not the only risk that has been adersd as ‘undesirable’ in the literature, but all
risks of even orders in case of mixed risk avefsidius Nguyen-Thi-Thanh (2006) who
introduced the four first moments of the distribatiof returns in the analysis assimilated
standard deviation and excess kurtosis as inpatslegwness as an output. This assimilation of
various risks to costs implies making assumptiangngestors’ preferences for these risks that
are restricted to risk aversion or mixed risk angrswhile unusual preferences for some risks
that are now extensively discussed in a dedicate@iure (see for instance mixed risk-lovirs
remained ignored in these studies. In our opini@k-seeking behaviors should neither be a
priori excluded from the set of potential manadeoainvestment strategies nor negatively
valued, and the definition of the technology shaudd prevent taking them into consideration.

» The DEA-benchmarking approach inherited fromdperations research literature consists
in using DEA as a pure benchmarking tool, whichdexa the identification of a production
process pointless. Still, some of the axioms defimethe DEA-production approach are often
associated to this DEA-benchmarking approach duéhédr convenience. It also uses the
models developed since Charnes, Cooper & Rhodé8)19%his approach implicitly assumes
no production process between any of the inputubpud variables, but instead determines the
set of resources and outcomes regarding the pneferef decision-makers for decreases or
increases of these variables, respectively. It afsen assumes risk aversion for all decision-
makers.

® See Caballé & Pomansky (1996), Dachraoui, DioEeekhoudt & Godfroid (2004), Roger (2011).

" See for instance Crainich, Eeckhoudt & Trannoyl@0
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The idea behind the adoption of the benchmarkimpgageh is that it is sufficient to evaluate
investment strategies relative to each other. @proach considers that the relevance of the
chosen set of factors only depends on the decmsiakers’ own point of view on how to
measure financial performance. It considers astiapd output variables the parameters that
are relevant to this investor and aims at measutimg relative efficiency of the assets
according to a unique set of preferences. Accortbngnderson & al. (2004) for instance, the
identification of inputs and outputs under this @ggh therefore depends on the objective of
the study, because this study is being performed from thestoves viewpoint If the
objective of the study is to compare various investt possibilities for a single decision-maker
or a group of decision-makers that have perfectifoum preferences the benchmarking
approach is then perfectly adapted.

If however the analysis focuses no more on the pogmt of one single investor or a
uniform group of investors but rather on the perfance of the assets, regardless of the
decision-makers’ individual preferences (which guigalent to assuming the possibility of
various preferences), the benchmarking approach moalpnger be adapted. In such case, it
seems more accurate to consider that inputs anmitsuare inherent to the production process
under study no matter what the investor’s viewpagem be. So we recognize the need to take
into consideration the investor’'s viewpoint in thealysis but consider that it should be
implemented through a proper selection of the &l decision-making frameworks (mean-
variance, expected utility, etc.), the latter betihg base for the selection of this set of criteria
rather than through the definition of a set of itspand outputs.

Cook, Tone & Zhu (2014) reminded that the purpdsthe performance measurement with
DEA has to be determined prior to the analysis wafitl influence the model orientation.
Regarding the study of portfolios of financial dsseéetermining whether the objective of the
study is to compare various investment possilslifrom the viewpoint of a single decision-
maker or to assess portfolios performance regardidsthe decision-makers’ individual
preferences will then determine which approactp@epriate. Selection the model orientation
will then be a direct consequence of the treatroéuliecision-makers’ preferences under these
approaches.

As mentioned above, the notions of input and outioubot really matter anymore under the
DEA-benchmarking approach due to the absence ad@uption process. Under this approach,
it will not therefore be necessary to identify whicariables produce or are produced by the
others, but rather which variables are to be masedhiand which variables are to be
minimized. This identification makes the approaehbased on underlying preferences of the
decision-makers only. In this approach, any vaeablbe minimizetought to be considered

8 Variables of the “less-the-better” type accordinghe terminology used by Cook, Tone & Zhu (2013%),
“small-preferred” performance measures in WilkenZt&u (2001)
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as an input (ignoring the fact that it might be ad’ output), and any variable to be
maximized ought to be considered as an output.

We point out the fact that when studying finan@sasets, risk measures have always been
minimized since Murthi, Choi & Desai (1997), makitige DEA-benchmarking approach
having adopted risk aversion as an underlying apom until now. This assumption is
however not intrinsic to the approach and diffenar@ferences for risk could therefore easily
be introduced.

4. ldentification of inputs and outputs under a ‘DEA-financial’ approach

Cook, Tone & Zhu (2014) remind that any processakded to a production process has
to be clearly understood prior to the choice ofuinpnd output variables. Following their
recommendation, we now study how the various inpats outputs proposed until now in the
literature for the study of financial assets cacoant for a production process. We introduce a
‘DEA-financial’ approach that under which we assutinat the generation of a distribution of
returns by an initial investment is the only radaghip that can be assimilated to a production
process for financial assets, and that risk shaoatlgder to be treated as an output. It then relies
of the notion of a production process (inheriteahfrthe economic approach) and rejects the
systematic inclusion of ‘undesirable’ variablesthie set of input variables (inherited from the
operational research approach). This DEA-finanam@roach also takes into account unusual
preferences for risk instead of restricting themigk aversion.

* Most measures proposed in the literature to adctar return and second-order risk of
financial assets characterize a unique distributioreturns. This distribution of returns is itself
generated by the investment of an initial amoura portfolio of financial assets. It then seems
accurate to consider as a production process #msformation of an initial investment (the
input) into a distribution of returns (the outpthjough a production process determined by the
composition of this portfolio. Mean return, risk aseires or other characteristics can then be
derived from this distribution of return. The onfglationship of the production kind we take
for granted in our approach is therefore the geimeraf some levels of return and risks by an
investment made in financial assets. Under thisagagh, the technology can be understood as
the functioning of the financial market under stutiat produces some returns from some
initial investment. The determinants of this funoing are either unknown or out of the scope
of the study, for an approach with DEA aims at ging the outcomes and deals with unknown
technologies by modelling them with some regulacdpnditions.

® Variables of the “more-the-better” type in Cookprie & Zhu (2014), or “large-preferred” performance
measures in Wilkens & Zhu (2001)
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As the measures associated to risk and return fatle the same source, it then seems
consistent to treat all of them as outputs. Sidydrigher moments of the distribution to be
included in the framework (skewness, kurtosis,) @ould then be considered as outputs. On a
general level, any measures characterizing thelisibn of returns shall be considered as an
output under this approach. Thus, mathematical misnef the distribution (mean return,
variance, skewness or kurtosis of returns) as alindicators of extreme values (Value-at-
Risk or maximum drawdown for instance) or eventitikty resulting from the distribution will
be considered as output variables in our apprddoine generally, any measure derived from
the time series of returns (or prices) will be edased as an output in our approach, and so will
be all mathematical moments of the distributiomedfirns (the risks of various orders).

A similar understanding of the production procesgarding financial assets can be found in
Anderson & al. (2004) who consider that any berefising from an investment is an output
and the investment itself is the input. Howeverjlavithey consider that the level of risk is
“taken” by the investor and is therefore part @ thitial investment made in the portfolio, we
consider that it cannot be quantified a priori atherefore not ‘taken’ but rather generated a
posteriori. The level of risk, and more generalhy aneasure derived from the distribution of
returns, is therefore simultaneous to the generatighis distribution.

e A timing assumption also underlies any productpyocess: output generation must be
preceded by the supply of some input, as it reswdts the latter and the production process
necessarily takes some time. This sequence iszeealhere: all outputs are generated
simultaneously after the initial investment hasrbegade. Some outputs might be correlated
(risk and return for instance) but in no case caawsal link be deduced from this correlation.
Investments in various categories of assets andguhsequent generation of returns on these
investments cannot be assimilated to a unique ptaduprocess. Conversely, we can consider
that investments in assets that belong to the seategory generate returns on these
investments through a unique ‘production proces#n if each investment might not achieve
the same results. A comparison of the funds pe&geay will therefore be accurate in our DEA
analysis in order to ensure that the assets undey share the same technology of production
(or what can be assimilated to a technology of pectidn). Among other categories, one can
cite equity, property, real estate, raw materiaistals, money market instruments, investment
in securities from various geographical area, bamstock markets, listed or unlisted securities,
etc. Some additional characterization of the outmriables can be proposed afterwards in
order to differentiate desirable outputs from um@dxde ones, but only in case where uniform
preferences are assumed among all decision-madgasding these variables.

As emphasized in Fare & Grosskopf (2003, 2004) regg the treatment of ‘undesirable’
outputs in production theory, considering byproduas inputs would lead to inconsistencies
with both the traditional set of axioms and phykleavs. As these byproducts are technically
produced by the inputs, they should be consideseduwputs. This argument of technical
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feasibility can also be put forward to support chpice of treating risk measures as output
variables, as we considered an initial investmemntegates a distribution of return that exhibits
some level of risk through a production processithapecific to each category of asset.

» The above redefinition of a proper ‘financial guation process’ mainly questions the
causal link between risk and return to concludd thay are both generated by an initial
investment. Yet, several other input variables imaye to be proposed in addition to this initial
investment to complete this definition, such as th@ndatory presence of a market, some
necessary degree of liquidity or the presence tdrmmediaries. Indeed, an initial amount
available for investment could generate no distrdsuof return at all if there was no market
for instance. One could however argue that theonadf initial investment implicitly assumes
that these requirements are met.

 In the DEA-financial approach, we choose not tespppose any kind of preference for
any type of risk prior to the estimation of thehtrology, in order to maintain our framework as
general as possible. We rather take decision-mahesferences into consideration through the
choice of an appropriate distance function thathatearly stage of identification of input and
output variables.

If the technology that produces a distribution efurns from some initial investment in
financial assets was assumed to be a convex, shpdoes associated of input and output
dimensions would then account for investor’s prafiees. Assuming a preference of decision-
makers for an increase in an output variable (at lamel of input) would then result in
imposing a positive shadow price in the model o thariable. Conversely, assuming the
aversion of decision-makers to the increase imantivariable (at any level of output) would
then result in imposing a negative shadow prigaénmodel on this input or output variable.

Under a financial technology, investors aim at oioly any variable assimilated to a cost
and at increasing any variable assimilated to afiterf this technology was assumed to be
convex, shadow prices associated inputs (as their@nmovested, the administrative costs, etc.)
should consequently be imposed to be negative.l&lgmishadow prices associated to outputs
(as the mean return) should be imposed to be pesitiet, regarding the outputs, an additional
differentiation can be made between ‘desirable’ spneften called ‘good’ outputs, and
‘undesirable’ ones, often called ‘bad’ outputs. &nwa prices should then be positive for
desirable outputs and negative for undesirable.ones

We apply a similar treatment to risk as the onaluse byproducts in ‘weakly disposable
DEA models’. These models consider undesirable dogets as outputs and allow for both
positive and negative shadow prices on byproduldtss possibility that is so accurate in a
framework where decision-makers preferences cabpaaestricted to the most common ones
however faces criticisms in the literature on piddin theory (see for instance, Hailu &
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Veeman (2001) who argue thatrly non-positive pollutant shadow prices are tlatioally
acceptabl®). The rationale behind such an argument lieshe very definition of a ‘bad
output’ that implicitly assumes its undesirabilifyor this reason, we choose in our approach
not to refer to risk or any other output variabdéeaa'good’ or ‘bad’ outputs but rather identify
them as ‘intended’ or ‘joint’ outputs. On the orenH, variables we choose to call the ‘intended
outputs’ are those that are targeted by the pramugirocess, as the return on investment.
These intended outputs are traditionally refergedd ‘good outputs’ in production theory. On
the other hand, variables we choose to call willehahat we call the ‘joint outputs’ are those
that were not intended to be produced but stilleaggnerated through the production process.
These joint outputs are traditionally referred $dkaad outputs’ in production theory.

Though we agree on the positivity of shadow preesociated to intended outputs, we leave
the characterization of joint outputs as ‘good’ ‘bad’ to the choice of decision-makers
according to their own preferences. We then impuse priori assumption of negativity on
shadow prices associated to joint outputs thatdcpotentially be positively valued by some
decision-makers.

In order to get a better understanding of the neagloy some risk measures could have a
positive shadow price, let’s illustrate this cageekamples found in production theory. Smoke
is typically a joint production of power generatiofith coal, while the electricity itself is the
intended output (see Baumol & Oates (1988)). Lilsewiall byproducts in agricultural
productions (greenhouse gases emissions and mitsagplus in livestock production, wool for
sheep meat producers, meat for milk producers), @&te.unintended outputs. But even if these
byproducts are not intentionally generated throughbe production process, some of them
could still be recycled and used as new inputsristance, or sold and generate some income.
When applied to financial assets, the same reagar@n hold: some investors may positively
value some types of risk, provided their potentigtact on final return.

« Under the DEA-benchmarking approach, performawsduation of financial is not limited
to a risk-return analysis but can rather be seea esst-benefit approach on which risk and
return are usually considered as costs or berafittng many others, while remaining the core
indicators of each category. The inclusion of vasiadditional costs (in addition to risk) in the
analysis has become a consensus while the addibenafits (as the ethical indicator of Basso
& Funari (2003)) are seldom found in the literatiiéhat has to be determined is whether these
costs should be considered as part of the produgtiocess (possibly as joint productions) or
as environmental factors. If these costs are cemsitlas part of the production process and
therefore as specific characteristics of the invesit that define the technology, they are to be
treated either as inputs or as joint productionalaGedera & Silvapulle (2002) consider
“experience, scale of operation and level of inwvestmfidence as fund-specific operational
characteristics. Operational expenses could be considered astangu control variables if
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more operations could generate extra return. Thike most extensively used solution and it
allows a studying the sources of efficiency by exang the slacks of each additional cost.

If these costs were considered as joint product{based on the notion of bad outputs, for
instance subscription and redemption fees) theybeaimcluded in the set of output variables.
this solution was suggested for instance by Je&@67) who recommended keeping gross
returns (that include brokerage commissions andagement expenses) in the analysis.
Another solution could consist in deducing thesgtsérom the returns. In order avoid the loss
of information that such treatment could gener@teyi & Murthi (2001) suggested for instance
to consider them separately, even though grosenealready include the additional costs.

These costs can also be determinants of ineffigighat could potentially explain the
distance to the efficient frontier but would notervene in the “production” process as defined
by the technology (fund managers’ skills for ing@nor minimum investment thresholds). For
instance, Galagedera & Silvapulle (2002) consi@arch fund’s major sectbas “explanatory
variables associated with fund management strdtegy

The possibility of including various additional ¢®$0 the set of input or output variables is
a key feature of DEA. As no production process lisaity defined under the DEA-
benchmarking approach, these costs can simply bsidgred as input variables. Yet, these
additional costs could only be environmental vdaaband would in this case be used as
determinants of inefficiency rather than elemerftshe production process. All DMUs that
compose a technology set are assumed to operatesimilar environment, as environment
necessarily impacts their performance. Howevernpaiiced in Dyson & al. (2001),tHis
assumption can rarely be safely made, and, as @&emprence, environmental variables are
often brought into the analysis to supplement tiput/output sét Taking various costs into
consideration is then possible even in cases wtierg are not considered as part of the
production process.

5. Additional matters related to the identification of inputs and outputs

* One additional issue to the identification of inud output variables that is often raised
in the literature and also mentioned in Cook, T&&hu (2014) relates to the appropriate
number of DMUs to constitute a sample when theystsigperformed with DEA. A minimum
number of observations is required to build a tetbgy set and depends on the number of
input and output variables chosen to characteheetéchnology under study. The reciprocal
question relates to the maximum amount of variabdebe allowed in the set of input and
output variables, knowing that an additional vaeaimost often results in ancrease in the
number of efficient DMUs. This phenomenon is somes referred to as theurse of
dimensionalityand is of course specific to non-parametric edbnsa(see Simar & Wilson
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(2000)). On this subject, numerous authors recondnrestricting as much as possible the
number of input and output variables on the sotedhtat it should ensure a better reflection of
the actual production function. In search of moceusacy regarding the actual frontier, it

seems consistent to integrate as many observammossible in the sample. Still, Golany &

Roll (1989) point out that the increase in the neméif DMUs can also hamper the degree of
homogeneity within the sample, as it increasesctt@ces for exogenous variables to impact
efficiency scores.

In the analysis of portfolios of financial assetsuition would suggest including more
indicators of financial performance in the analyisisorder to make performance evaluation
more accurate and consequently ease the decisikimgnarocess. However, as a higher
number of indicators and the resulting higher défgiation between the DMUs (specialization
of each DMU) necessarily lead to an increase inrthber of efficient DMUs, decision-
making gets even more complicated with DEA (crédor decision-making have to be even
more sophisticated or more precisely defined). Wrnide DEA-benchmarking approach, one
could argue that no such consideration really matteach DMU in the sample has been
selected in order to be used as a specific benéhiobathe DMUs to be assessed. The fact that
the actual frontier remains unknown is no concerrsuch case, as the estimated frontier
intentionally serves this purpose. Trying to lintlie number of efficient DMUs then also
becomes pointless. By contrast, adopting a DEAyxctdn approach or the DEA-financial
approach imposes to deal with this matter, exaepituations where it is technically feasible to
collect complete and unbiased data on a whole wsevef financial assets instead of a sample,
which is hardly feasible and remains theoretical.

In our opinion, once the theoretical framework unggich the study will be performed has
been selected, the corresponding criteria for decismaking are known and a list of
performance indicators or risk measures relatethése criteria can be established. Some
variables in this list may however provide redurtdaformation, and their inclusion would
therefore lead to the drawback mentioned above afdificial increase in the number of
efficient DMUS). In such case, it is recommendedsébect one of these variables only and
leave aside the redundant variables that add iitte@mation regarding the criteria for choice
under consideration. By way of example, an indicataeh as the Value-at-Risk requires both
skewness and kurtosis in its calculation; the isichn of Value-at-Risk in the set of input or
output variables and the inclusion of skewness lamtosis should therefore be mutually
exclusive (see Eling (2006)).

Regarding the DEA-financial approach, we think thest appropriate number of inputs and
outputs should be determined by the theoreticahdéssork under which the study will be
performed and therefore depend on the level of eggdion of the technology. In a mean-
variance framework, it would be accurate to corrsidean and variance of the distribution of
returns only as output dimensions. The level ofregagtion of the technology therefore relies
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on the chose theoretical model of evaluation arallshfully determine the identification of
inputs and outputs. Regarding that matter, we apresgly choose to rely on the definition of
the technology that determines the chosen levafjgfegation and consequently the number of
input and output variables.

» Regarding the inclusion of additional costs togkeof input or output variables, we know
that under the DEA-benchmarking approach, perfoomavaluation of financial is not limited
to a risk-return analysis but can rather be seea asst-benefit approach on which risk and
return are usually considered as costs or berafittng many others, while remaining the core
indicators of each category. The inclusion of vasiadditional costs (in addition to risk) in the
analysis has become a consensus while the addibenafits (as the ethical indicator of Basso
& Funari (2003) for instance) are seldom foundhe literature.

What has to be determined is whether these costsldstibe considered as part of the
production process (possibly as joint productiasgs environmental factors. If these costs are
considered as part of the production process aeckfibre as specific characteristics of the
investment that define the technology, they arebéotreated either as inputs or as joint
productions. For instance, Galagedera & Silvap(@02) consider &xperience, scale of
operation and level of investor confidence as fapdeific operational characteristits
Operational expenses for instance could be coresidas inputs or control variables if more
operations could generate extra return. This ignibst extensively used solution and it allows
a detailed study of the sources of efficiency bgmaiing the slacks of each additional cost.

« Additional matters such as the measures used fartsnand output variables could be
discussed, such as the need to avoid a mix ofigclevels and ratios. This issue is especially
relevant as one could be tempted to use ratiosctirabine input and output variables instead
in order to answer to the need of restraining thmlmer of efficient DMUs in the sample. If
such a solution could indeed lower the number fifieht DMUs, this would be at the cost of
some loss of information which can be far from dse: the DMU(Ss) performing the better on
this input or undesirable output variable on thenaeinator may very well be rated as
inefficient, except if the desirable output on thanerator is high enough.

Apart from the loss of information, a ratio alsopiiitly assumes constant returns to scale,
which considerably restricts the scope of the sy constrains the input and output variables
to be accounted for by nominal measures (insteachtes of return, for instance). It then
account for an input variable or a joint outputigale (on the denominator) in addition to the
intended output variable (on the numerator), whéeng assimilated to a desirable output.

Following Cook, Tone & Zhu (2014) who remind thatrax of ratio and raw data can
however be permitted in DEA applications, we paat that most measures in our approach
are de factoratios, as the source of output is the distributid returns. Consequently, any
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output could be expressed as a percentage of itied investment: return could be expressed
as a rate of return on investment, which is tharreper unit invested, and second-order risk
could be expressed as standard deviation of réteswns. The models can consequently use
both ratios and raw data: measures that accountedésh output variables and possibly
additional input variables (additional costs) viié expressed relative to the initial investment,
and this initial investment that account for theimiaput variable will be expressed as raw
data, without its value implying any change in autyariables.

Our treatment of the initial investment is simitarthe one of Basso & Funari (2005) who
use as input variables a fixed invested amountliofunds and subscription and redemption
costs. However, they point out that the investedwar can be dropped (as it is the same for
every fund) as long as there is at least one qtbsitive measure of input. Keeping a constant
invested amount as an input is somehow a guardnétehe DEA problem can be solved in
case additional costs are null.

We will consequently avoid the use of traditionarfprmance ratios that relate risks
measures to return measures in our approach;wéliwill keep most of our data under the
form of performance measures (return on investramtiation of rates of returns) and mix it
with some activity level (the initial investmenBven additional costs (commissions, loads) can
be expressed as a percentage of the initial amouasted. Still, it implies dealing with an
implicit assumption of constant returns to scafgarding all our input and output measures that
are already performance measures.

6. Conclusion

As financial assets differ in their nature fronditeonal DMUs studied in production theory
or operations research, performance of such asseisot consequently be assessed by
applying a strictly identical methodology, eventlie tool (DEA) is the same. By way of
example, the linear dependence between finanagetagthe fact that their returns co-vary) can
lead to reconsider the technical axiom of convexitythe set. From the definition of the
underlying technology to the choice of the apprateri model orientation, the whole
methodology that has been developed for the ug¥Edéf and almost strictly transposed to the
analysis of portfolios must consequently be questiband adapted.

Under a new approach that we call ‘DEA-financialy lzontrast to the traditional
DEA-production and DEA-benchmarking approaches, tdohnology is defined through the
preliminary identification of a ‘financial produot process’ (and consequently inputs and
outputs) that account for the ‘real’ production ggss and characterized by a set of regularity
conditions. This article focuses on the definitioh this financial production process and
defines it as the generation of a distributionetfirns over time by an initial investment. The
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set of axioms that characterize a financial teabgwill then have to be discussed in order to
complete this first step. For instance, as a cammatg of our definition of a financial
production process, any risk-return analysis wilply working on the output correspondence,
which ensures that the set is closed and that ipeaface measurement relative to the frontier
can be made no matter which preference is assupnep¢tions to any direction are allowed
for the risks of second or higher orders, whichwall taking into consideration both risk-lovers
and risk-averse decision-makers). As a consequehdee linear correlation between the
assets’ distributions, convexity cannot be impossdregularity condition for a financial
technology. Free disposability will only be assunoeddesirable outputs (as return measures)
that can be wasted but weak disposability on amgtrtaining risk measures (that can only be
reduced at the cost or diversifying or hedging) héve to be accepted instead. The possibility
of short selling assets might also be taken intesteration, which implies getting rid of the
convexity constraint. Decision-making units withgagve output might as well be included to
the set, as well as risk-free assets, either reganerating risk-free asset or cash.
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